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The hypermetric cone Hy, is the cone in the space R™M"—=1)/2 of all vectors d= (dijhi<i<j<n
satisfying the hypermetric inequalities: Zl <i<j<n zjzjd;; <0 for all integer vectors z in Z™
with El <icn %=1 We explore connections of the hypermetric cone with quadratic forms and

the geometry of numbers (empty spheres and L-polytopes in lattices). As an application, we show
that the hypermetric cone Hy, is polyhedral.

1. Introduction

Let X be a finite set with | X|=n+1, X={0,1,2,...n}. A metricon X is a
real valued function d defined on all pairs of points of X and satisfying the triangle
inequality:

(1) dij +djp > dig

for all triples (4,7, k) of points of X. We allow d;; =0 for some pairs (4,5); so we use
the term metric for denoting what is usually called semi-metric. We set dij = dj;
for all pairs (4,5) and d;; =0 for all points 7 of X. The pair (X,d) is called a metric
space. The family of all metrics d on X forms a cone M{(X)=M, 1, called metric
cone. The metric cone lies in the positive orthant of the spaze R*(n+1)/ 2. indeed,
summing up two inequalities (1) corresponding to triples (i,7,k) and (j,%,%) yields
the inequality 2d;; > 0. The metric cone My 41 has full dimension n{n+1)/2 and
its facets are defined by the 3("37) triangle inequalities (1).

One of the fundamental problems in the theory of metrics is the isometric
embedding problem, that is, to determine conditions for a given metric space to be
isometrically embeddable in a given class of spaces, say l,-spaces. The [;-metric
on R™ is defined by d(z,y) =z —ylli =3 1<i<m |Zi—¥i]. A metric space (X,d)
is isometrically /;-embeddable if there exist points zg,21,...,Zn in some space R™
such that d;; = ||z; —x;|l1 for all 0 <i<j<n. The family of all metrics d on X
which are isometrically embeddable into some {1-space forms a cone C(X)=Cp1,
subcone of M1, called cut cone (or Hamming cone). The cut cone Cj11 is
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generated by the cut metrics ds for subsets S of X, where (ds);; =1 if [Sn{i,j}|=1
and (ds)ij =0 otherwise. Therefore, a metric d on X is isometrically [1-embeddable
if and only if d is the conic hull of cut metrics: d=3 g x Agdg with Ag>0. The
study of the {1-embeddable finite metric spaces, i.e., of the cut cone Cpy1, was
started in 1960 in [11]; see also e.g. {1], [2], {5], [14]. If d is rational valued, then,
d is li-embeddable if and only if kd is embeddable into the hypercube of R™ for
some integers k,m ({3]).

It is well-known that the cut metrics define extreme rays of the metric cone
Mpy1. For n<3, they are the only extreme rays of M, 1; hence, the metric cone
M, and the cut cone C}, coincide for k=2,3,4. But there exists an extreme ray of
Ms5, namely the extreme ray defined by the graph metric of Ky 3, which is not a
cut metric, so, the inclusion Cs C M5 is strict; actually, the only type of extreme
ray of My which is not cut metric is the graph metric of K33 ([4]). All extreme
rays of Mg, M~ are known ([17]); actually, the cut metrics are the only hypermetric
extreme rays of My, for n<7.

Given an integer vector z€Z™t1, consider the following inequality:

(2) > zizjdi <0

0<i<j<n

For z € Z"! with Y gcjcn2 = 1 (tesp. Yg<i<n % = 0), the inequality
(2) is called hypermeiric inequality (resp. negative type inequality). Let d be
a real valued function defined on all unordered pairs of points of X; d is called
hypermetric if d satisfies all hypermetric inequalities, the family of all hypermetrics
d on X forms a cone H(X) = Hy,41, called the hypermetric cone. Hypermetric
spaces were introduced in [11], [12] and, independently, in [18]. Similarly, the
negative type cone Nypy1 is the cone of all d satisfying all negative type inequalities.
Observe that the triangle inequality (1) coincides with the hypermetric inequality
(2) obtained for vector z having only three nonzero coordinates: 1,1, —1. Therefore,
the hypermetric cone Hyp1 is a subcone of the metric cone My 1. Also, every
hypermetric inequality is valid for the cut cone Cy,4.1; indeed, for each cut metric dg,
the left hand side of (2) for z€ Z" ! with 3", «,, zi =1 takes value 2(S)(1—2(S5)) <
0, where 2(S) = > ,cg2i- Therefore, the cut cone Cp41 is a subcone of the
hypermetric cone Hy41.

So, we have three cones Cpy1 C Hp1 € Mp41, in the space Rn+1)/2 For
k=2,3,4, the three cones coincide: Cp=H=My. For k=5,6, we have Cp,=H, C
My, (equality Cy = Hy, was proved in [11] for k<5 and in [6] for k=6). For k>7,
the inclusions Cy, C Hy, C M}, are strict.

Since all cut metrics are extreme rays of the metric cone, they are also extreme
rays of the hypermetric cone. Also, all hypermetric inequalities defining facets of
the cut cone define facets of the hypermetric cone.

The cut cone is a polyhedral cone whose extreme rays are known: they are
the cut metrics; for study of its facets, see e.g. [14], [15]. The metric cone too is a
polyhedral cone, its facets are, by definition, the triangle inequalities; for study of
its extreme rays, see [4], [17]. On the other hand, the hypermetric cone is defined
by infinitely many hypermetric inequalities (2) and it was not known how many
of them define facets. We prove here that the hypermetric cone Hy has a finite
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number of facets, or, equivalently, a finite number of extreme rays, i.e., we show
the following result:

Theorem. The hypermetric cone H,, is polyhedral.

Note that the polyhedrality (as well as the list of all facets) for Hy, n <6, is
implicit in [7]. On the other hand, the negative type cone N,, Ny 2 Hp, is not
polyhedral (see Remark 1).

The paper is devoted to the proof of the above theorem; the main steps are as
follows:

— in section 3: map each hypermetric space to some positive semi-definite
quadratic form and identify hypermetric spaces as generating subsets of the
vertex sets of L-polytopes of the corresponding lattice (this fact was given
implicitly in [7] and, independently, in [1], [2]).

— in section 4: establish a correspondance between the faces of the hypermetric
cone H,y1 and the types of non affinely equivalent L-polytopes in R¥, k <
n; then, using a theorem of Voronoi ([20]) which implies the finiteness of
the number of types of L-polytopes of given dimension, obtain that H,.q
is polyhedral.

More precisely, Voronoi ([20]) proved that the number of non affinely equivalent
lattices in the space R¥ is finite, hence implying the finiteness of the number of non
affinely equivalent L-polytopes (since any star of a lattice, i.e. all L-polytopes of
the lattice tiling going through a given point, is finite). We give in section 5 a direct
explicit proof of the finiteness of the number of non affinely equivalent L-polytopes
in given dimension.

In the last section 6, we give some more facts on connected hypermetrics, hy-
permetrics arising from L-polytopes of small dimension and extremal hypermetrics.

In section 2, we recall some preliminaries on lattices, L-polytopes and empty
spheres.

2. Preliminaries

In RF, ||z|| denotes the euclidean norm of z, ||z||2 = S i<ick(z)?, and Ty
denotes the scalar product of z,y, z.y=3"; <, < Ti¥i-

Let (g1,92;-..,qn) be a system of vectors of RF having rank k; the Z-module
L generated by (q1,...,qn) is defined by L={}"; .., 2¢;: 2€Z"}. Then, L is a
lattice if L is a discrete subgroup of R, i.e. if 8 =min(|q||: g€ L—{0})>0; in
other words there exists a ball of radius 3> 0 centered at each lattice point which
contains no other lattice point.

A set B = {by,...b;} is a basis of the lattice L if B generates L, i.e. L=
{Di<icpibi iz € Z*}, and B is a basis of R¥. Any two bases B,B’ of L are
unimodular equivalent, i.e. Mp = AMp/, where A is an integer matrix with
determinant {det(A)| =1, and Mp (resp. Mp/) is the k x k matrix whose rows

are the members of B (resp. B’). Then, the common value |det(B)| for any basis
B of L is denoted as det(L).
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Let S be a sphere in R® with center ¢ and radius r, S={zeR¥: ||z —¢|| =
r}. One says that S is an empty sphere in the lattice L if SN L generates R* and
||z —c||>r holds for all lattice points x € L; in other words, no lattice point is lying
in the ball with boundary sphere S, but the lattice points lying on the sphere S
generate R®. An empty sphere S is called generating if SN L generates the lattice
L. Clearly, the set SN L is finite, since L is lattice. Then, the convex hull of the
set V =58nNL is called an L-polytope (or Delaunay polytope) in the lattice L; so,
the L-polytopes in a lattice L are the polytopes whose vertices are all lattice points
lying on some empty sphere of L, the center of the empty sphere being then also
called the center of the L-polytope.

Given a lattice point g of L, the Voronoi polytope Py(g) at ¢ is the set of points
which are at least as close to ¢ as to any other lattice point, i.e. Py(q)={z eRF:
lz—gl|| <||z—¢|| for all ¢’ € L}. The vertices of the Voronoi polytopes are exactly
the centers of the L-polytopes. Also, the Voronoi polytopes P,{q) for g€ L form a
normal tiling of the space R*. Another normal tiling of the space R* is provided by
the elementary cells C(g) ={q+>_1<;< 2:bi:0<2; <1 for 1<i<k} for g€ L, where
B=1{by...,b} is a basis of L. Hence, the Voronoi polytopes and the elementary
cells have the same volume, namely det(L). Another normal tiling of the space R¥
is given by the L-polytopes in L.

For general information on lattices and the above polytopes, see [20] and e.g.
[16], [9].

There is a natural way of partitioning polytopes: into classes of affinely equiv-
alent polytopes; Voronoi called those classes types of polytopes. This induces a
partition of L-polytopes in types of L-polytopes. Given two L-polytopes P, P’, they
have the same type if there exists an affine bijective transformation T' such that
T(P)=P'. Every type 7 of L-polytopes is characterized by some integer matrix Yy
(up to unimodular multiple).

Indeed, let P be an L-polytope in R* with set of vertices V and let L be a
lattice in R* containing V (but P is not necessarily an L-polytope in L). Let B=
{b1,...,bg} be a basis of L; then, for each g€V, there exists yq €ZF such that ¢=
> y<i<k(Uq)ibi. Denote by Qp the |V|x k matrix whose rows correspond to the
vertices of P, by Mp the k x k matrix whose rows are the members of B and by
Yp p the [V|xk matrix whose rows are the vectors yq for g€ V. Then, the following
relation holds:

(3) Qp=YppMp

If B is another basis of L, then Mg = AMp for some unimodular matrix A; there-
fore, we deduce from (3) that Yp g/ =Yp, AL, ie. Yp B, Yp p are unimodular
equivalent. On the other hand, let P’ be an L-polytope which is affinely equivalent
to P, i.e., P =T(P) for some affine bijective transformation T and let V' denote
the set of vertices of P/, then V/=T(V) and the lattice T'(L) contains V’. Denote
also by T the square matrix such that z’ =T if 2’ is the image of z under T' (z,2’
being row vectors). Then, we have M7 (gy=MpT, Qpr=QpT and, from (3),@p=
YpgMp, Qp ZYP',T(B)MT(B)a yielding Yp g :YP',T(B)' Consequently, one may
assume that the matrices Yp p are all equal to the same integer matrix Y, for all
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L-polytopes P of given type +; of course, the matrix Yy is uniquely determined,
once the basis B (called representative basis of type 7) has been fixed. In section 5,
we shall indicate a “good” choice of the representative basis ensuring that matrix
Y, has a “good” form (see Proposition 10).

3. Mapping hypermetrics to L-polytopes

Let P, denote the family of all vectors a = (a;;)1<i<j<n of R™"+1)/2 for which
the quadratic form of R™, ZlgiSan a;jz;x; for x € R™, is positive semi-definite;
P, is a cone in R™"+1)/2. We first show that the negative type cone Npyj is in
one-to-one correspondance with the cone P, and that the hypermetric cone Hy 1
can be mapped onto a subcone of P,.

We distinguish the point 0 of X = {0,1,...,n}. Consider the linear bijective
transformation o of R™"+1)/2 defined by a = a(d) for d = (dij)o<i<j<n, @ =
(aij)lsiﬁjﬁn in RP(n+1)/2 satisfying:

(4) @y =do; for 1<i<n a;; = (do; + doj — d;j)/2 for 1<i<j<n
or, vice versa,

(5) dos=a; for 1<i<n dij = a3 +aj; —2a;; for 1<i<j<n
Any hypermetric inequality, i.e. inequality (2) for z € Z"*1 with Yo<i<cn i =1,
can be transformed, using (5), into:

(6) > ziza— Y ey >0

1<ij<n 1<i<n

Similarly, any negative type inequality, i.e. inequality (2) for z € Z"*! with
> o<i<n 2 =0, can be transformed into:

(7 > zizjag >0
1<i,j<n

Therefore, the image a(Hy11) of the hypermetric cone (resp. the image a(Ny+1) of
the negative type cone) is the cone of all vectors a € R®("+1)/2 satisfying inequality
(6) (resp. inequality (7)) for all z€Z™. As a consequence, we obtain that the hyper-
metric cone Hyy1 is contained in the negative type cone Ny, 1. Indeed, if we denote
by f(z) the left hand side of (6), we have that f(2)+ f(—2) =230, <, j<p %205,
hence implying that a(Hy+1) C a(Np+1), or equivalently, Hy4+1 C N, 4+1. Observe
also that &(N,4+1) coincides with the cone P, of positive semi-definite quadratic
forms. Indeed, if (7) bolds for all integer vectors z, then (7) holds for all rational
vectors and, thus, by continuity, also for all real vectors z. Therefore, &(Np+1)=
P, and, thus, a(Hp+1) Ca(Npy1) =Py.
Remark 1. It is well known that the cone P, is not polyhedral, thus the negative
type cone Np11=a"1(P,) too is not polyhedral.

In the remaining of the section, we consider a hypermetric d on X and its
image a=a(d). So, a defines a positive semi-definite quadratic form. The following
well-known result states that, in matrix terms, a is a Gram matrix.
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Proposition 2. Given a = (aij)lﬁiﬁjﬁm define the matrix A = (aij)lﬁi,an by
setting a;; = a;;. Assume that A has rank k and that A defines a positive semi-
definite quadratic form. Then, there exist vectors qi,...,qy in R* such that ajj =
g;-q; for all 1 <i<j<n. Moreover, if ¢},...,q; are other vectors of R* such that
a;j = qg.q;. for all 1,7, then ¢, =T(q;) for 1 <i<n, for some transformation T of
OA(R¥). Also, the system (q1,...,qn) has rank k.

From now on, we denote by k the rank of the symmetric matrix (a;5)1<q j<n
and we consider a system (gy,...,qn) of rank k of vectors of R* such that:

(8) aij =¢qpq; for 1<i<j<n
Setting go =0 and using relation (5), we have:
(9) dij=llg —qjl? for 1<i<j<n

Using (8), inequality (6) can be reformulated as:

(10) I > zal®~ Y allal® >0

1<i<n 1<i<n

For example, for the cut metric dg where S is a subset of X — {0}, its image ag =
a(dg) is defined by (ag);; =1 if i,j € S and (ag);; = 0 otherwise; the matrix
((ag)ij)1<i,j<n has rank k=1 and the vectors g; belong to R and can be chosen as
g;=1for i€ S and ¢;=0 for i ¢ S.

Denote by &4 the map from X to R¥ defined by @4(i) =q; for i€ X. Hence,
by (9), the map ¢4 provides an embedding of the hypermetric space (X,d) into the
space R¥ equipped with the distance d(g,q')=|lq—¢'||? for q,¢' € R*. We shall see
below that the set ¢4(X) has a special form, namely ¢4(X) is a generating subset
of the set of vertices of some L-polytope in the lattice generated by the vectors ¢;
for i€ X. The following result was given in [2]; we give the proof for the sake of
completeness.

Proposition 3. Consider a vector a = (a;j)1<i<j<n Satisfying inequality (6) for all
Zz€Z™, i.e. vectors qi,...,qn of RF satisfying inequality (10) for all z € Z™. Then,
there exists a unique vector ¢ in RK satisfying:

(11) 2c.q; = |lg;]|®> forall i=1,2,...,n

Proof. If k=mn, i.e. (g1,...,qn) is a system of n linearly independent vectors, then
the equation (11) admits a unique solution c. Assume now that k <n—1. Let Q
denote the n x k matrix whose rows are the vectors ¢1,...,qn, U denote the vector
subspace of R™ spanned by the columns of Q and set b = (||¢;||®)1<i<n- Then,
equation (11) admits a solution if and only if b € U, or, equivalently, b.t =0 for
all t€ UL (UL being the orthogonal complement of U in R™). Take ¢ in U™, let
z(t) €Z™ such that |t; —z(t);| <1 for i=1,...,n and set §=1¢—2z(t); so, § belongs to
the unit cube. Since, by assumption, ¢y, ...,qn satisfy (10) for vector z(t), we have
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that b.2(t) = Y 1<icn 1611220 < 1 1<icn Gzl Also, || X1 <icn @iz (@)l =
1t7Q—6TQ|12=16TQ|?, since tTQ=0 because tcUL. Therefore, we deduce that
b.2(t) < |67 Q||2, yielding that [b.¢] <[b.6]+ |67 Q||%; so, if b.t£0, the left hand side
of the latter inequality can be made arbitrary large while the right hand side is
bounded, thus b.t=0 holds. Unicity of the solution ¢ to (11) follows from the fact
that system (qq,...,gn) has full rank k. ]

Then, from (11), || 3 <i<n 261 =X 1<icn 166172 = | 1 <icr @izl = €l %,
and therefore, inequality (10) can be rewritten as:

(12) I asz—cll = e

1<i<n

Let Sy denote the sphere in R¥ of center ¢ and radius ||c|, so 0 € Sg. Then,
inequality (12) means that the vector Y j<;<, @2 does not lie in the ball with
boundary sphere S;. From (11), we deduce that the vectors ¢1,...,qy lie on the
sphere S;. Let L; denote the Z-module in R¥ generated by q1,...,qpn, ie. Ly=
{3 1<i<n@iz : 2 CZ"}. The following Proposition 4 shows that Lg is a lattice.
As noted above, the sphere Sy is an empty sphere in L; and, moreover, SyN Ly
generates Lg. The convex hull of the set SyN Ly is an L-polytope P; in the lattice
Lg. For example, for any cut metric d =dg for § C X, the lattice Ly is simply Z
and the L-polytope P, is the segment [0,1].

Proposition 4. ([2]). Let L be a Z-module in R* generated by vectors q1,...,¢n.
Assume that there exists an empty sphere in L containing qy=0, q1,...,q,. Then,
L is a lattice.

Proof. By assumption, there exists ceR¥ such that:

(a) llgi —cl| =lc|| for i=1,...,n
(b) I Y @zi—c| >l for zez”
1<i<n

For z€ Z", set q(z) :Zlgign @i#%; then, ¢;Fq(2) € L. So, (b) yields ||g;Fq(2)—c||?> >
licll?, ie., lla — >+ l|la(2)||? ¥ 2(g; — c).q(2) > ||c||?, and using (a), we obtain that:

() la(2)1? 2 2/(a; ~ ©)-q(2)] for i=1,...,n

Consider the unit vectors v; = (¢; — ¢)/|lc|]| for ¢ = 0,1,...,n and set 8 =
Min({Max(|vi.e| : 1 <i<n}:e € R*, |le] =1). Then, (c¢) implies that [g(z)|| >
2|jc]|8. In order to conclude the proof, it is enough to check that 3#0. Suppose
for contradiction that 8=0; then, one can find a sequence (ep),>1 of unit vectors

of R* such that |v;.ep] <1/p for any 1<i<n, p>1. Since the unit sphere is a com-
pact set in R¥, one can assume that the sequence (ep)p>1 admits a limit e when p
goes to infinity (else, replace (ep)p>1 by a subsequence). Therefore, ||| =1, while
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v;.e=0 for i=1,...,n, implying that e=0 since the vectors v; span R¥, yielding a
contradiction. ]

So far, we have established that, for any hypermetric d on X, one can find a
lattice Lg, an L-polytope P; in L with set of vertices V and a generating map ¢4

(i.e., ¢d(X) generates the lattice L) from X to V such that d;;=|¢4(i) — ¢4(5)|?
for all ¢,7 € X. Conversely, we have the following result.

Proposition 5. Let P be an L-polytope with vertex set V, 0 €V, and let ¢ be a
map from X to V. Set di;j=|¢(¢) d()||? for all i,j € X; then, d is a hypermetric
on X.

Proof. Since P is an L-polytope in some lattice L, let S be the empty sphere in
L such that V = SNL. Let ¢ denote the center of the sphere S; since O € V,
S has radius ||c||. Take integers z; for i € X such that ) ,.x 2z =1. Note that

Yijex i< %4%idij= (2 jex #izidij)[2. Also, 37, iex zizidij =2, jex %i%illo(i)—
PII* =2, jex zizill(0(0) — ) = (6(5) = ? = X, jex 2z (16() — el + | 6(5) -
c|?~2(¢(i) —c).($(3) —e)) =2llell® (i jex 2i2) — 2l Tiex (1) =)l =2(|el|* -
O iex z:8(8)) —c||?) <0. Hence, d is indeed a hypermetric on X. ]

In particular, any L-polytope P with vertex set V yields the hypermetric dp
on V defined by: dp(q,q")=|lg—¢'||? for all ¢,¢’ € V.

So, given a pair (P,¢) where P is an L-polytope and ¢ is a map from X
to the vertex set of P, we obtain a hypermetric d on X; in turn, we obtain
from d the pair (Py,¢4) as indicated above. In order to ensure that both pairs
(P,$),(Pg,64) coincide (up to orthogonal transformation), it suffices to assume
that ¢ is a generating map. So, we have the following statement. There is a one-
to-one correspondance between:

(i) the hypermetrics d on X, | X|=n+1
and

(ii) the pair (P,¢) where P is an L-polytope in R*, k<n, and ¢ is a generating
map from X to the vertex set of P (P being defined up to orthogonal transforma-
tion) satisfying: di;=|\¢ (i) — ¢(j)||? for all i,j€ X.

4. The hypermetric cone is polyhedral

For any hypermetric d of Hyny1 we define its annulator Ann(d) (correspond-
ing to the notion of root figure of [16]) by Ann(d) = {z € Z** . 2z #
UQy ULy« - -, Uy ZO<i<j<nzizjdij =0}, where u; =(0,...,0,1,0,...,0) for 0<i<n
denote the coordinate vectors of R*t1 corresponding to the trivial hypermetric in-
equalities (with all zero coeflicients). So, Ann(d) corresponds to the set of (nontriv-
ial) hypermetric inequalities which are satisfied at equality by d. Clearly, Ann(d)#®
if and only if d lies on the boundary of the hypermetric cone Hy,4+1. Let F(d) denote
the smallest face of Hy 41 containing d. Then, F(d) =N,cAnn(d)F2"Hn+1, where F,

denotes the hyperplane of R™"+1)/2 defined by the equation Zogi<j§n 22§ %45 =
0. Each face of Hy,1 is of the form F(d) for some d € H,, 1. Therefore, in order to
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show that the hypermetric cone Hy 41 is polyhedral, we have to prove that there is
a finite number of distinct faces F(d), i.e., equivalently, that there is a finite number
of distinct annulators Ann(d) for d€ Hp41.

We now show that the number of annulators is indeed finite. Consider d €
H, 1 and its image a = a(d). Recall that hypermetric inequalities are equivalent
to inequalities (6) and further to inequalities (12). We correspondingly define the
annulator of @ by Ann(a) = {z € Z" : z # 0,u1,...,un and 3 1cicicp2i2j0ij —
Y1<i<n #i0ii =0} ={2€Z":2#0,u1,...,un and ||21<Z<n zig; —c|l=||c||}. Setting

Z(q)={2€Z":q= > 1<i<n %4} for g€ Lq and denoting by V' the set of vertices of
the L-polytope Py, one has clearly that:

(13) Ann(a) U{0,u1,...,un} = UgevZ(q)
Let @y denote the |V|xk matrix whose rows correspond to the vertices g€V of Py
and let () denote the nxk matrix whose rows correspond to qi,...,¢p; S0 every row

of @ is a row of Qy and @ may have repeated rows. Assume that the L-polytope
Py is of type ; as mentioned in section 2, for some basis B of R¥, we have that:
Qv =Y, Mp (recall relation (3)).

Let Y be the nx k integer matrix such that Q =Y Mp. Denote by y, the rows
of Yy for g€ V and by y1,...,yn the rows of Y. Note that relation ¢=3 ;< 2:¢; is
equivalent to relation yg=>1<;<n 2i¥%; 80 Z(q) ={2€Z™ :yg =) 1<;i<n %yi} for all
geV. Let z4 be an element of Z(g) and set K(d)={2€Z":) | <;<, %¥:; =0}; then,
2(q)={z=24+2':2' € K(d)}. Note that z; depends only on y1,...,yn,yq and K(d)
depends only on y1,...,yn; hence, Z(q) depends only on yi,...,¥n,ys- Therefore,
from (13), Ann(a), i.e. Ann(d), is completely determined by Yy and (y1,...,yn).

In other words, every annulator is completely determined by a pair (vy,8) where
7 is a type of L-polytopes in R¥ with k¥ <n and 6 is a map from {1,2,...,n} to the
set of rows of matrix Y,. Therefore, since the number of such maps 6 is obviously
finite and since the number of types of L-polytopes of given dimension is finite, we
deduce that there is a finite number of annulators Ann(d) for d € H,41 and thus
that the hypermetric cone Hj 4, is polyhedral.

Finiteness of the number of types of L-polytopes plays a crucial role in the
proof of polyhedrality of the hypermetric cone. As we mentioned in section 2, it
follows from a result of Voronoi ([20]); but, we give a direct explicit proof of this
fact in the next section 5.

Remark 6. (i) A hypermetric d lies in the interior of H,1 if and only if Ann(d)=
@, ie., 0,q1,...,9, are pairwise distinct and they are the only lattice points lying
on the empty sphere Sy, or equivalently, the L-polytope Py is a (n+1)-simplex of
R™ and the map ¢4 is one-to-one.

(ii) A hypermetric d of Hp; belongs to the cut cone Cp 41 if and only if the
associated lattice Ly can be embedded in a grid ([1]).

(iii) Let d be a hypermetric of Hy 1 such that d;; =0 (mod 2m) for all 4, j, for

some integer m. Then, ||z||2=0 (mod 2m), z.y=0 (mod m) and c.z=0 (mod m)
for all z,y € Ly; for m=1, this means that L, is an even lattice and that the center
c of the empty sphere S; belongs to the dual lattice of Ly, as remarked in [1].

(iv) Let P be an L-polytope in R™ with vertex set V, Vo={g0=90,41,---,¢n} C
V be a subset of n+1 affinely independent vertices of P and d be the hypermetric
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on X, | X|=n+1, defined by d;; =||¢;—q;||* for i,j € X. Clearly, |Z(g)|=1 holds for
every vertex g of P, since K(d)={0}. Hence, from relation (13), we deduce that
|Ann(a)|+n+1=|V|. Hence, if d defines an extreme ray of Hyy1, then |Ann(a)|>
n(n+1)/2-1, yielding that |V|>(n+1){(n+2)/2—1. See [13] for a detailed study
of L-polytopes associated with hypermetrics defining extreme rays.

5. Finiteness of the number of types of L-polytopes

In this section, we give a direct explicit proof of the finiteness of the number
of types of L-polytopes in R¥. The main idea is to show that every L-polytope is
affinely equivalent to an L-polytope defined by an integer matrix having a special
form and that there is a finite number of such matrices.

We first give two results on L-polytopes, namely upper bounds on their number
of vertices and on their volume. Let L be a lattice in R* and P be an L-polytope in
L with vertex set V. From Proposition 5, if we set d(q,¢') =g —¢'||? for all ¢,¢' €
V, then d is a hypermetric on V. In particular, d satisfies the triangle inequality,
ie., for q1,92,q3€V, ||g; ——qjl|2 +lg; — gx}|> > I|@j — gx||? holds for any permutation
(,4,k) of (1,2,3). This implies that the triangle in R* whose vertices are q1,g2,q3
has no obtuse angles. The next result implies that |V|<2*, so any L-polytope in
RF has at most 2% vertices.

Proposition 7. ([10]). Let V be a finite set in R* such that any three points of V
form a triangle with no obtuse angles. Then |V|<2F holds.

Proof. Given two points g,¢’ of V, denote by Hy (resp. Hy, Hy o) the hyperplane
going through g (resp. ¢, (g+¢')/2) and orthogonal to the segment [g,4’] and denote
by R(g,q') the region lying between the hyperplanes H, and Hy. By assumption,
any other point ¢” of V must lie in the region R(q,q’), since the triangle with
vertices g,q’,q"” has no obtuse angles. Let P denote the convex hull of V. For g€
V, let hq denote the 1/2-fold homothety with center g, i.e. hg(z) is defined by

hq(x)—q=(x—q)/2; so, hqg maps Hy into Hy ». Since P lies in the region R(q,q’),
its image hq(P) lies in the region between hyperplanes H; and Hg g; thus, the
hyperplane H, . separates hq(P) and hg (P). Since Ugey hq(P)C P, we have that
vol(P) > vol(Ugevhg(P)) =3 ey vol(he(P)) =V vol(P) /2%, yielding the bound
V<2, |

We now give an upper bound on the volume of an L-polytope of R*. Recall
that the volume of any Voronoi polytope of a lattice L is equal to det(L).

Proposition 8. Let P be an L-polytope in a lattice L in RF. Then, vol(P) < 2%
det(L) holds.

Proof. Let P,(0) denote the Voronoi polytope at point 0. We can assume w.l.o.g.
that 0 is a vertex of P. Let ho denote the 1/2-fold homothety with center 0, so
ho(z)=z/2. We have that ho(P)C P, (0).

Indeed, take a vertex q of P and suppose for contradiction that ¢/2 ¢ P, (0).
Take a hyperplane H supporting a facet of P,(0) which separates P,(0) and ¢/2;
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H is of the form Hy 4, i.e., H is the hyperplane going through ¢’ /2 and orthogonal
to the segment [0,¢], for some ¢’ € L. Clearly, g & R(0,¢'), i.e., ¢ does not lie in
the region between the two parallel hyperplanes to H through 0 and ¢/, implying
that q.¢' > ||¢’||. From the proof of Proposition 7, since ¢ € R(0,¢'),q' is not a
vertex of P and thus ||¢ —c|| > |||, i-e. ||¢’||> >2c.q’, where ¢ denotes the center of
the L-polytope P. On the other hand, ||g—¢|=]c|, i-e. Hq|]2 2c.q. Then, one
checks that ||g — ¢’ — || < ||c||, contradicting the fact that ¢ — ¢’ is a lattice point.
ndeed [lg—g' —c|*— [lc = lg— ¢'I1* —2¢.(g— @) = g2+ |l¢'I|1*— 2.4’ ~ 2¢.(—) <
2([1¢'|12 —.¢') <O.

Since ho(P) C Py(0), we deduce that vol(hg(P)) = vol(P)/2* < vol(P,(0)) =
det(L), i.e. vol(P)<2*det(L). ]

As we saw in section 2, each type 7y of L-polytopes is specified by some integer
matrix Y once the representative basis B has been chosen. We see below that, if
one suitably chooses the representative basis B, then the matrix Y, has a special
form and there is only a finite number of such matrices. We first recall a well-known
fact on lattices.

Proposition 9. (sce e.g. [8] p.11-13). Let L, L’ be two lattices of R* such that L' C
L. For any basis A={a1,...,a;} of L, there exists a basis B = {b1,...,b,} of L
such that:

(91) a;=v;1b1 +viobg+ ... +vb; fori=1,2,... k
where (v;j)1<j<i<k are integers satisfying:

(9ii) 0<v;; <wy for all 1<j<i<k.

Proposition 10. Every type v of L-polytopes in R¥ is characterized by an integer
matrix Y, of the following form:

(10i) there exists a k x k submatrix D of Y, which is lower triangular and
satisfies condition (9ii)

(10ii) p=|det(D)| is the maximum possible value of the absolute value of the
determinant of any k x k submatrix of Y, .

For any given value of p, there is a finite number of such matrices Y.

Proof. Let P be an L-polytope of type 7 in the lattice L of R¥ with vertex set V.
Denote by Qp the |V|xk matrix whose rows correspond to the vertices of V' (in the
canonical basis). Let Vj be a subset of V of size k such that the kx k submatrix Qg
of @p, corresponding to the members of Vj, has the largest possible value of the
absolute value of its determinant. Applying Proposition 9 to the lattice L and the
sublattice L' with basis Vp, we deduce the existence of a basis B of L such that:

(a) Qo=D Mp

where Mp is the matrix with rows the members of B (in the canonical basis) and
D is a lower triangular integer matrix satlsfymg (9ii).

We can suppose, for instance, that Qg is the submatrix of @ p formed by its
first £ rows. The matrix Y =Q p(M B)~! is an integer matrix; the submatrix of Y
formed by its first k rows is the matrix D; denote by D’ the submatrix of Y formed
by its last |V|—k rows.
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Note that p = [det{D)| = |det(Qp)|/|det(Mp)| = |det(Qq)|/det(L); hence, by
choice of Q)g, the absolute value of the determinant of any k x k submatrix of Y is
less than or equal to p. Therefore, choosing as representative basis of type «y the
basis B, we have that ¥ =Y, thus stating (10i), (10ii).

Consider the matrix YD1 its k x k uplper part is the identity matrix. Let
r;; be a nonzero element of the matrix Y D™' with k+1<i<|V|, 1 <I<k. Let
C denote the matrix obtamed from D by replacing the I-th row of D by the I-th
row of Y. Then, |det(CD™1)|=|ry| and thus, |ry|=|det(C)|/|det(D)| =|det(C)|/p
where |det(C)| is an integer between 1 and p. Therefore, all elements of matrix
YD~ are rational numbers of the form a/p with 1 < |a| < p. Since, moreover,
YD~ !is a [V] x k matrix with |V| <2* (from Proposition 7), we obtain that, for
a given value of p, there is a finite number of such matrices Y D~1. On the other
hana, the matrix D is an integer matrix satisfying condition (ii) of Proposition 13
with det(D) = |v11.v22..vkk| =p. Therefore, for a given value of p, there is only a
finite number of such matrices D and, consequently, for a given value of p, there
is a finite number of possibilities for the matrix Y. This concludes the proof of
Proposition 10. 1

In view of Proposition 10, in order to prove the finiteness of the number of
types of L-polytopes in R¥, it suffices to give an upper bound on p which depends
only on k. Indeed, p< k12% holds. For this, let S denote the simplex whose vertices
are the rows of matrix Qg (see the proof of Proposition 10). Then, S is contained
in the L-polytope P, implying that vol(S) < vol(P). But, vol(P) < 2Fdet(L), from
Proposition 8, and vol(S) =|det(Qq)|/k! =p det(L)/k!. Therefore, we deduce that
p<2FEL.

6. Concluding remarks

Given an integral valued function d defined on all pairs of points of X, d is
called connected if the graph with vertex set X and edges the pairs (4,7) such that
d;j=11is connected. The following results on connected hypermetrics and connected
negative type distance functions were proved in [19] they are a specification of the
results given in section 3.

(a) Assume that d is connected; then, d is of negative type if and only if the

corresponding Z-module Z(\/ﬁql, vy \/iqn) is a root lattice.

(b) Assume that d is connected; then, d is hypermetric if and only if the lattice
Z(v/2q1,...,v/2gy) is a root lattice and the associated L-polytope has its center at
a point of the dual lattice.

Furthermore, all L-polytopes in irreducible root lattices and whose center is a
point of the dual lattice are described in [19]; in graph terms, they are the Johnson
graph for the root lattice Ay, the halfcube and cocktail party graph (corresponding
to the cross polytope 8y) for the root lattice Dy, the Gosset graph on 56 vertices in
E7, the Schlifli graph on 27 vertices in Fg. One can check that, among the above
graphs, the corresponding hypermetrics do not belong to the cut cone precisely for
the last two graphs.
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All L-polytopes (up to affine equivalence) in R*, k=2,3,4, are known. For k=
1, the only L-polytope is the 2-simplex, i.e., the segment [0, 1] (corresponding to the
cut metrics). For k=2, the only L-polytopes are the 3-simplex (triangle) and the 2-
dimensional cube (square). For k=3, the only L-polytopes are the 4-simplex (as3),
the pyramid, the prism, the octahedron (§3), and the 3-dimensional cube (vy3). For
k=4, [16] gives the complete list of L-polytopes, there are 19 of them. We checked
that the hypermetrics defined by all L-polytopes in R, k<4, belong, in fact, to the
cut cone. This is not the case for k=6. Actually, Grishukhin found all (non cuts)
extreme rays of Hy coming from the Schlafli polytope; there are exactly 26 of them
(see [13]). We refer to [13] for a detailed treatment of extreme L-polytopes, i.e.,
L-polytopes corresponding to extreme rays of the hypermetric cone; in particular,
several examples of extreme L-polytopes coming from the root lattices Fg, E7, from
the Barnes—Wall lattice A1 and the Leech lattice A4 are described.

We conclude with a first necessary condition for an L-polytope to be extreme.
A lattice L in R¥ is called reducible if R¥ is the orthogonal sum of two subspaces
R and Ry such that the projection L; = p;(L) of L on R; is a non trivial (i.e.,
distinct from {0}) sublattice of L for i=1,2.

Proposition 11. Let L be a lattice and assume that the hypermetric given by some
L-polytope in L defines an extreme ray, then L is irreducible.

Proof. Let L be a reducible lattice in R¥, i.e., L is the orthogonal sum of Ry, R
and the projection L; =p;(L) of L on R; is a sublattice of L, for i=1,2. Let P
be an L-polytope in L and let S be the empty sphere of L containing the vertices
of P. W.l.o.g. we can suppose that 0 is a vertex of P, so if ¢ denotes the center
of sphere S, its radius is ||c||. Let P;=p;(P) denote the projection of P on R;,S;
denote the sphere in R; of center ¢; and radius ||¢;||, where ¢; =p;(c), for i=1,2, so
c=c1+cg and [|c|?=|lea]® + [le2]l*.

We verify that P; is an L-polytope in the lattice L; for i =1,2. First, S7 is
an empty sphere in L. Indeed, take z1 € Ly; since z1 € L, ||z1 —¢||? >||c/|? holds,
implying that: ||z1 —c1||® + ||02||2 > el = llea|® + llez]|?, and thus, |21 — 1] >
llca|l- Then, we check that Py coincides with the convex hull of Sy ﬁLl Indeed, if
x € S1MNLy, then z € L and, by a similar argument as before, z € S, yielding that
Conv(S1NL1)C P. Now, take a vertex z of P, t=x1+xz9,z; € P,. From the fact
that [lz —c|? =21 —c1 |+ |22 —cal* = eI + llea||* and [lz; —e;[[* > [le;||? for i=
1,2, we deduce that ||z1 —c1||=|lc1|| and thus z1 € S1NL;.

Let d denote the hypermetric given by the L-polytope P; d is defined on the
vertex set: V=S8NL of P by d(z,y) = ||z ~y|? for all z,y € V. Setting d;(x,y) =
llz—yl|? for all z,y € p;(V), we obtain a hypermetric d; on p;(V) for i=1,2. Clearly,
d=dj+dy holds; so d is the sum of two hypermetrics and hence d does not define
an extreme ray. o [ |

Therefore, for finding extreme rays of the hypermetric cone, it is sufficient
to consider L-polytopes in irreducible lattices. In particular, if an L-polytope of
dimension %k gives an extreme ray, then its set of vertices cannot be a subset of the
set of vertices of some m-dimensional cube with m > k; indeed, recall that every
metric which is embeddable into some cube belongs to the cut cone and hence is
conic hull of cut metrics.
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